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A Monoid Structure on Diagrams

An CXamrl& of what we'll call & Partition }in;fam:
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A Monoid Structure on Diagrams

A mulhflicaﬁon formuia:

1) Put  +he first olia;ram on +op of +he Second ia(enﬁfly,'n;
the vertices n the middie

1) Restrict fo the 1 anh  boHom, preseming whch Vertices
are comecked in e larger Aa‘a}mm.
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Representations
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Representations
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Centralizer Algebras

End (V)= Linear trnstormatons v —V
Hal  commuje Wtk G -acton.

Caled +he Centralizer ayebm of G actw

on V. Than of it like $rhetries of ‘Sjmine%mj.



Centralizer Algebras

End (V)= Linear trnstormatons v —V
Hal  commuje Wtk G -acton.

Caled +he Centralizer ayabm of G actw

on V. Than of it like $rhetries of %mm%mj.
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Jown He 3x3  Matrices thot Commuje i,
each Of H  Six 3x3 pertuteston matrices




Diagram  Algebras



Schur-Weyl Duality

V .an n—ohmens;ona) € -Vector Space
h

Cl, : groe o nm inverthie mairices over C

V,,W . He ¢ fensor power of Vi, Think of elemenis as
Sequences

lV(@V).@ '""@Vr

With each v 6V,
Gl, octs on V,,@' n Fhe Followm} wet

A (voud--0v) = (Av)®A,)® - (AW



Schur-Weyl Duality

Sr al§p acts on \/,,@' bj permuting tensor Pactars

S . [’V.@‘V;@ @Vr) - Vo-“ll\ ® ’Vcr“()-)'@“' S 1,a"'(r')

CLrs C’ Vn®r<3 Sr

Notural question: How Jo these actons intervact
With each other’



Schur-Weyl Duality

CLn C Vn@r<3 Sr

The‘] are. Mutual Central ters

e End S, ( V,,Qr) 1S jenemi'e(l by the G, —4¢tion

“ Mgy Or .27 uhich commale Loy the S, -adtion

* brdg,, (Vnw) § generared by Pe S -action



Schur-Weyl Duality
ThiS i§ an example of SChur-ngl o‘lm'f*j, first discovered

bJ Schay  angd  then popular pe/ Ig L who wieg F +o
Classity U, owp Gln representetions

Main Tokeawsy :

This olua\{JrJ connects jhe reprejeNtation -Mcofy oF Hhe
+wo Ob\jco-)'SJ Pairing we theiy rreducioe representations

More pPrecisely:

Vo

®r A
= @ E @S/\ as & Gin>x5, ~module
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The Partition Algebra

We can restrict the Gl, ackon 10 e Nxn

Permutation mMatr:ces
Ends (V )

><f

TJo }@k a Sense for WOfKM; with +hese cenJrral.}ey;J
lets walk H\»fou;lw H\.‘J class ca| Case.



The Partition Algebra

I“? Vn 11&] ba&‘j € . gn/ 'H\e}’\ \/“@r "\ﬁs G
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lDJtS,‘S Bi—: e£|® @e—ir ndexed bj 5611,101(!5 I

of r elmems m 5y--n8 SO,

A 1 (Vn@)r) - “r



The Partition Algebra

T8 V, ha bass e . en Hen VO has

\

bas,‘s € - ei.®"'®e_ir ndexed bj Jequences I

of r elmems m 5y--n8 SO

d;m(\/n@,) = “r‘

EXech&J To describe Eno\sw(vm®5) comp e ail
B 7

H"— |09 000 x |09, 000 matrces +het commuje with Hhe

0! = 3 628 00 Peﬂnufa‘l'fo"} in Sio



The Partition Algebra

Or inStead hotice thar if
M= ("";”‘L’) ¢ End (Vn®r)
Hhen

/V\é EhO‘Sn (Vn@r @ m"','i =m6~[z_],c'(i) ¥ \)’J c

Whar  oli ., L) = o) - ali)



The Partition Algebra
Vis ual[}fn; Matrices in Ehdss (Vse@a) _,

)

R TN U IR YR T TR T -

L L=

1 |'a £ (v, n)
FY

B ) 2, A%
* 03) 3,33
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3) (03) a0
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Each orbit represents a bascy €lement So how Jo

wWe compactly represent Lach orby 7



The Partition Algebra
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The Partition Algebra
If we label these }raﬂu With 1,7 on top and T . F o)
botrom, we ger Sei partitions from Comecred companeny;

'| l 7 {21/&/ 1—/ 5‘?}
d )

-

Wrte 17, Foy Hhe ey of Se+ Partitions of [rlu[ F]‘



The Partition Algebra

Th efe ;ra)oh J repmsen%m; orbtS are Nok Un:gme

' >~ \
®

o ® ¢ ®
] £y T 3

A ol.'o\;ralr\ )§  ap ezu.'valence Class OF jr‘a)ohj o

the verticeS L[rjulr] wih 4he Same comnecte) Componenss

Thej ake in Correspondence Witk Set poviitions W T,



The Partition Algebra
FOV‘ CX&M;OIC/ EhASq (V“'@J‘) hm a bafij indexed bj X
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The Partition Algebra

We'll now can  Endg (V,,@’) the  Parti+on algebra

Pr (”) (i/eroolu.&cJ bJ Jones and bj P Martn n He 70:)

TI‘G baJ,‘j 5b+6l(”€d ‘H’v\l Wﬁj o  Called ‘H\c Qrb;.), baS,‘S
7/

whek Weil write as



The Partition Algebra
Thcrc 'S ahothey, Bas;; fLﬁS Called +he al;a}mm bns.‘j
iven bjf




The Partition Algebra

Orb}y bas: Examplg

—7—3’21 Tf

Dia\;mm baS,‘S Example

L., L

A = b

AN




The Partition Algebra

The Porm ula:

1) Pat +he First aliﬁ;ram on +op of +re Second

ii) Restrict 4o fh 1@ awt  botom, presewing uhch Vertices
are comecked in e larger Aia}mm.
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The Partition Algebra

Gl P-(n)
N,
G Ar [”)
» A
J J




The Partition Algebra

Sr
G C \/h <’ Ar(“)

G _A\, () Typicl Elemes)
Gl, C5r X

On Bfauer /‘r[}dora (Br(to)) ::‘:’<‘ ("‘“+C"?"/5)

S Poat 4o Al;zbm Ikif



Recap

o QePrzng—a-Hon ‘l-})eord of P, [“) and S,, ave_
Comectz)

g Pr[n) comes W,‘Ha o Naturl orb. - ba&‘j,

o Pf(ﬂ) and 1S SUba%lbra-! hove o beartidul
AF“} fb\mmﬂ'/'/(/ PVDJMCJ/ L\jbeh V,\elﬂeo‘ l\"l _)_L‘_ Y“ZM’
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Howe Duality

Vnn : The Space of nxk MatrCes over €

?r(V,,/,.): T‘)@ Space of homofneom} paynom.‘m ‘FDMJ Oon V”,u

Thefe ane hamo}ne@uj foaf]nom,‘alj of ale/NC - %)

ihdeterminate

XLJ. for 1eveh, 145<K
Where ;. Picki oup Fh Ertry ij in Fhe Matr;x

‘J

>

Xy xo([122])= 238



Howe Duality

In the 14%0s Eo;er Howe, Jetrermined +hat

Gl, G P (Wnx)© Gl

form a mutualy Centraizing Paiv Where,

*Aell, actsr by (A.{)[x) -;_F(A-IX)

. 3¢ 61«,, achs )DJ (B—f)[)() = !(XB)



Howe Duality

Gl Endg, (P voe))

i3 ?r( vn,w) A
v V

S, GL




The Multiset Partition Algebra

Orellara and Zabrock: (3020) examined En);n(?'(v,.,,))) describin "
an ook basis for it and namny F MP (0] he utnises
Partition algebrn.

Th;s baf.'f s }nalexdﬁd é] ﬂl;yramj UJAQJ& Vertices A re

COIO/’CJ {zrom A Set of K Colors W ih ,‘/@Hﬁc«uj C O oref
Vertices aumong the Hgp or boHom indistinguishabie.

N 1IN -

Wrie The. for e 3% of e Aivgeng



The Multiset Partition Algebra
Writing §x% T e

=

g Lor the orbt bass Obtained

b‘j Orelana and Zabroclé,‘l an Exampé ol i¥s mul-h‘y’h‘cﬁ-f'.‘ov\ )

Kooepmg X =) X o+ o)X i 1

|
o—o o0— o—0 o¢—0 o—o o—o o— o

F X A X -

Tlm looks ke +he oro} bass fo Pt Can e d‘“‘%
b & bass like e ):a;rz:w. bas:s?



The Multiset Partition Algebra

~

Let §r gA, (n) ¢ P,[n) ang Jdefine o new 2l gebron Aru (n)

J

Called +he co WGIPQ\J}V Painted Algcbra with bas’s:

{,D . 9T obtained bJ color.‘r?« the Vertices
m Of o diogrpm n A tn)

B, (n) B,, (n

o I (O N A N S
X S T A B O B
‘—e X T



The Multiset Partition Algebra
The Projuct IS given by .

—e o o Colors sy maicl,
% N
i, Aie or  gise Preduct

} 1 ' Zevo

|

Averﬂ)jp ovev Permu+a+:mf ot e }qo of +he seconl ol,\a v e

Alocs e s e el
NN A A A N N AN




The Multiset Partition Algebra

Theomm (Wa3) Let S” cG cGCGln be a Sub;roup W ih
Endg (v,°) = A, (n)

Then
EhJG (?r(vn,x)) = /‘4ur);¢ (n)

N

Corollarg(W %) MPln) 2 P, (n) . We cal the basi
ép‘ﬁg O‘p Mpr;l[n) -H‘ﬂ d?a r‘am,/;}(c bafl‘j







Representations



Representations

An intcgas parkition IS & Weaky  Jecreasing
gCQD\CIAL& [)\,/ M//\,) of positive ntcgers

We wrle AFn fo Mean A +...+tAg=n.

The foung Jingram of N i an array ot lefr-iust fie

boses wih A boxes in the i row from dhe bopam.

(33 2 ) & >



Representations

A Standar YOM} Fableau  of chgpe Arn s o
1.0 S0 Fhit

F;lﬁh} R 3,5 YOW\} }fﬁ/ram with

Jhe  rows and  COlumnl are incressing.

Wrile SA Cor the C-span of SYT of Shape )

¢ ¢} ERS
5(&,:): Cfﬁ;ﬂ \:ﬂjg




Representations X\

For »+n § IS a reprefentston of 5,

(134). ta]:Bn] :3] :a]

E“CL SA (S ;N‘cpluw,‘bla an/ e.VeV‘j H’NJMC/HC

. . /) S S/‘
rep V\Ljem"-ah‘Oh ) $ ’5 6m0f/a C +O 0)’)3 .



Representations

5,CC e
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Representations

BD Fhe Aualh‘y of +he aChions§

Pz @ som.

T')‘;s P airs uf irned wable foegen‘l*a+50h.§

5)‘ S >M&'L
B s
L |4 (
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Representations

A Multiser parkijon tebleas of Shapge A S a fining

of NS Youn diepram lke so:




Representations

Order muitisers by the losi-loter oo

11< o~ 12 < 2 AL )
A SemstanJovd uitises pPoytition foblean  hag  Fowsg wea;uy

incma.S}nf an}  COlumns  Strictly increasing




Representations

A
There is an  achion of MP,, () on  MP

RN N '/3(.—.—4 F T )
I ] 7]
=% %.—4 + H -
3( 5] 3 a|)
20

Theoremw)The MPrA,‘ for Abn ang Z (RN 2r form
’ TP

A Complete Set of irveJucihie representoction; for

MPry(n) when hn2ar



Timelines

Lo

MP, )

Loz#)

[w]

Diagrammatic
Product

~

Generators

Dimensions of
Irreducibles

Construction of
Irreducibles




Timelines

‘do (b3
N =
M P‘C”( ) Loz#) [w]
Diagrammatic Dimensions of | |Construction of
Product SR Irreducibles Irreducibles
L5\ M) [hR] Le4 [+7)

905 log 9 0



Timelines

A mixed multiset partition
algebra incorporating
exterior powers

I 3y [w]
N =
M P‘C”( ) Lo#) [w]
Diagrammatic Dimensions of | |Construction of
Product SRl Irreducibles Irreducibles
C51 M) [hR] L6 [+7]
‘03 Ig a
P (n) —— —
r 905 05 4 Qo
[FH] [ebo) [03]

Study eigenvalues of
random permutation
matrices

Positive formulas for
some Kronecker
coefficients

Description of some
reduced Kronecker
coefficients







Representations

r

Ah € xample of He action:

<] |



Proof Sketch
Brear P V,.,,,) mo  pieces Us  based op
the Seconh  Tudex.

E g X Xap Xao X € 7"(éhe?)

Wrile Wr, For Weak compositions of r of leng# i

T hen ’Pr(Vn,,) YD Ua a5 o Ghn-Module
aew,,,



Proof Sketch

Sa ‘, YOMM} ,(vlo/vavr) Sa = -'—-i Z’ .
S é

-

-7 S&Lo\) ” Sf’fﬂk * 5533

|
- 7 y3 + Al U3
SC),a) Z (I)ﬁq + a3y + 143 >

Recall 5, acts on V% by permatizy  foxchs

Son(e, De.©e,04) - ‘;" ( €D 49494 * %8¢ @QJ@%)



Proof Sketch

As Vector jpaces,

DU, = e \/y‘@r

—

X'I xa.| X& oo —2 5[4/&) (e|@¢) @e}@e))

T}’ej 507‘14 haln& (3 CL,,, ~a cton but anre

net clearly isolorphic  af Gl, -odules.

For me Gla, ‘
agM= M o



Proof Sketch

However, We ge an

‘nduced N



Proof Sketch




The Multiset Partition Algebra Colors Match n M. Jlle

(Sa TSe) (57 51) = 3, (55“-‘!"4)

) 7
=6 Se ey sy

b, c S
’ Sl ocl, R
- ?MM#‘H%S of +0p
0’(: ‘H“f {@&/ 0'57‘%0-
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Proof Sketch

Proc{ Summary

ODecam)oau ?r(vn,u)
s e do o duompesten o Eudy (V.

° T}\L J«‘yrm, - Lhe baS{j Comef ‘PfDM Sém(h/fc/:fy
an (‘J@mfo}ehi’ betndy +w0 Fﬂ‘ﬁfﬁ% }?7/%#\}



