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Foreshadowing



A Monoid Structure on Diagrams

An example of what we'll call a partition diagram :

1 2 3 4 5

& · ⑤ ⑨

& g ⑨ 8 ⑪

j I z 4 5

key features

· Hasa labeled vertices on top and bottom for someo

· The vertices are grouped into connected components by edges



A Monoid Structure on Diagrams

A multiplication formula :

i) put the first diagram on top of the second, identifying
the vertices in the middle

ii) Restrict to the top and bottom
, preserving which vertices

are connected in the larger diagram.

& & & & & *

& & ⑨

& && & &
-> I 8 I ->

· *
& *

& & ⑨

& * & & &





Representations

ExSp by e.e :=e
1

32
,

e

(12) [00]
(123) [i]

/



Representations

E S& R by .
e : = exci)

22
1

V = E(a,a,a) : acIR}
7

<, w = S(a,
b
,c) : a +b +c= 3

L

es

(12) = 100] Goal : split representations
into these smaller,

irreducible
(123)[] subrepresentations.

/



Centralizer Algebras

Endo(v) = Linear transformations V-

that commute With the G-action.

called the Centralizer algebra of G acting

on V .
Think of it like symmetries of symmetries.



Centralizer Algebras

Endo(v) = Linear transformations V-

that commute With the G-action.

called the Centralizer algebra of G acting

on V .
Think of it like symmetries of symmetries.

ExerciseTo describe Endss(IR3)
,

write

down the 3x3 matrices that commute with

each of the six 3x3 permutation matrices.



Diagram Algebras



Schur-Weyl Duality

Un : an n-dimensional K-rector space

Glu : groups ofnxn invertible matrices over I

vor : the r tensor power of Un
.

Think of elementsa s

sequences
V

,Dv0 ... DV,

with each vieUn factually linear combinations of these

Gln acts on UPV in the following way

A. (N .Dr -..arr) = (Av , ) p(Av)x ...(Av)



Schur-Weyl Duality

So also acts on UPr by permuting tensor factors

·
. (, vo ... Dur) = Va * Van D . . . ①Va +(r)

GlndVPrG Sr

Natural question : How do these actions interact

with each other ?



Schur-Weyl Duality

GlndVPrG Sr

They are mutual centralizers

· Ends (VPr) is generated by the Gln-action

-Maps Unor- > Ver which commute With the Sr-action

· Endorn (Unor) is generated by the so-action



Schur-Weyl Duality
This is an example of Schur-Weyl duality, first discovered

by Schur and then popularized by Weyl who used it to

Classify Un and Gln representations.

Main Takeaway :
This duality connects the representation theory of the
two objects

, pairing up their irreducible representations.

More precisely :

VorDEOS" as a GlaxSe-model



The Partition Algebra

We can restrict the Gln action to the uxn
permutation matrices

Gln Ends (VnPr)

Y
vor

Y
Sn Su

To get a sense for working with these centralizers
,

lets walk through this classical case
.



The Partition Algebra

If In has basis e
,...,

In
,

then Ver has a

basis e := C
=, 0 ... Deir indexed by sequences I

of r elements in E1 , ..., h ,

so
,

dim (VnP r) = nr



The Partition Algebra

If In has basis e
,...,

In
,

then Ver has a

basis e := C
=, 0 ... Deir indexed by sequences I

of r elements in E1 , ..., h ,

so
,

dim (VnP r) = n

Exercise) To describe Ends (Vo
*5)
,

compute all

the 100
,
000 x 100

,
000 matrices that commute with the

10 != 3
,
628

,

800 permutations in Sio.



The Partition Algebra

Or instead
,

notice that if

M = (m = ,i) End (UnPr)
then

McEndsn(Un*r)) Mi =Moc
,el fil

,

o

when w(I, .
.

. In) = &(i) ...(i)



The Partition Algebra

Visualizing Matrices in Ends
,
(v,*2) :

I
1) 12 13 212223313233

I

11 a
- -(3) 133

12 b C

13 b C (12) 22
,
22 21

,
23 21

, 33

2) b C
(13) 33

, 33 32
,
31 32

,
11

22 a

23 [ b (23) 11
,
11 13

, 12 13
,
22

i C

L

b
b

(13) 22
,
22 23

,
2/ 23

,
11

A (132) 33
,
33 31

,
3 31

,
22- -

Each orbit represents a basis element
,

so how do

we compactly represent each orbit ?



The Partition Algebra

- ( )3) (ii
, disa)

(12) 22
,
22 21

,
23 21

, 33

(13) 33
,
33 32

,
31 32

,
11

(23) 11
,
11 13, 12 13

,
22

(13) 22
,
22 23

,
2/ 23

,
11

(132) 33
,
33 31

,
32 31

,
22

j
, in j, is j

, is
① ⑨ ① ⑨ ① ⑨

⑳ & ⑳ & ⑳ &

i
, is in i2 i, is



The Partition Algebra
If we label these graphs with 1, ...,r on top andT

, ...
F on

bottom
,
we get set partitions from connected components.

107

> [51, 2, 5, 233
To ]

10S

> [51 . 13
,

523
,
3233

Yo · I

1d

> [51, 23
,

di3
,
3233

Too

Write Tar for the set of set partitions of [r]uIr]
.



The Partition Algebra

These graphs representing orbits are not unique :

I 2 I 2

① ⑨ ① ⑨

-

⑳ & ⑳ b

T J T J

A diagram is an equivalence class of graphs on

the vertices [rJUIn] with the same connected components

They are in correspondence with set partitions in Her



The Partition Algebra

For example
, Ends (*) has a basis indexed by

& ⑨ · & ⑨ & ⑨

& & & & & & &

& ⑨ · · & ⑨

& ..... &

& ......

& & & & & & &

& ⑨ & ⑨ & ⑨

& & & & & &

(need n =ar for all the diagrams to appear



The Partition Algebra

We'll now call Endsn(Un*r) the partition algebra

Pr (n) (introduced by Jones and by P.
Martin in the 90s)

The basis obtained this way is called the orbit basis,

which we'll write as

[Th : + Enar]



The Partition Algebra

There is another basis [L +3 called the diagram basis

given by :

L=
coarsening of

To# L . . 0
= T.. o

+ T
.. o +.0 + T.. o

+ To
..

..... ...........



The Partition Algebra

Orbit basis example :

TT·= (n-4)T.p + (n-3)T-

+ (n -3) T + -2)T

Diagram basis example :

LL



The Partition Algebra

The formula :

i) put the first diagram on top of the second

ii) Restrict to the top and bottom
, preserving which vertices

are connected in the larger diagram.

iii) Record a coefficient of n "where a is the

number of components stranded in the middle.

① · * ① · & *

20
& D ⑤

& Op &

I 111 9 -> I iii 9 -> N
.... & & 0 . & & ① g ·

· D aa 6 & ad ⑤



The Partition Algebra

Gln Pr(n)

j Dr ↑
Un

C Ar(n)

I I



The Partition Algebra

6 & VP Ar(n)
G Ar(h) Typical Element

o

Glu ISr
-

On Brauer Algebra (Br(n)) (matchings)

& ① G

Su Partition Algebra
-



Recap

· Representation theory of Pr(n) andIn are

connected.

· Pr(n) comes with a natural orbit basis.

· Pr(n) and its subalgebras have a beautiful

diagrammatic product when
viewed in the right

basis,



Painted Algebras



Howe Duality

Vin : The space of nxk matrices over I

pr(n
,n) : The space of homogeneous polynomial forms on Vin

These are homogeneous polynomials of degree w in

indeterminates

Xij for 1 in
, 1Ejk

where Xi; picks out
the entry ij in the matrix :

XinX ,3x22([45 87) = 2 . 3 . 5



Howe Duality

In the 1980s
, Roger Howe determined that

GLG PY(UK) 8 Gra

form a mutually centralizing pair where

· At Glu acts by (A . f)(x) = f(A"X)

· BEGLy acts by
(B .f)(x) = f(x B)



Howe Duality

Gln Endsn(Pr(Vn
,
x))

Pr(V
.
n)

↑
Sn GLk



The Multiset Partition Algebra

Orellana and Zabrocki (2020) examined Endsn(P(nu))
, describing

an orbit basis for it and naming it MPrn(n)
,
the Multiset

partition algebra.

This basis is indexed by diagrams whose vertices are

colored from a set of K colors with identically colored

vertices among the top or bottom indistinguishable.

· · ·

-
& o ⑨ D · D ·

Write Far for the ser of these diagrams .



The Multiset Partition Algebra

Writing EX : #Farm] for the orbit basis obtained

by Orellana and Zabrocki
,
an example of its multiplication is :

X X........ = (n -3)X+ (n-2)X ...
0000-00 & Da

+ X.... t CX⑧
& Da & Da

This loons like the orbit basis for PrCul
.

Can we change
to a basis like the diagram basis ?



The Multiset Partition Algebra

Let SoAr(n)[Pr(n) and define a new algebra Ern (n)
called the corresponding painted algebra with basis :

it obtained by coloring the verticesEDI : of a diagram in Arcul 3
By(n) Bac (n)

8 D · D ..........

⑨D * ...............

& D & & ...........

a * ...... .......

-D ......

......
& a



The Multiset Partition Algebra
The product is given by :

· D &

S
colors must match in

⑨ & · . Middle or else product
① & *

is Zero

* a G

V

Average over permutations of the top of the second diagram
· D D D &·⑨ ⑨

& ⑨ & ⑨ · & ⑨ & ⑨ & ⑨ · &o t t t4)
·

& · · * & · * & · * ↑
D& & * D & ⑨ D &

~

Take the product as in Pr(n)
......... #

t t tYy(n
& d · & ... o

00



The Multiset Partition Algebra

Theorem(Wis) Let SucC = Glu be a subgroup with

Endo (VPr) = Ar (n).
Then

Endo (Pr(Vn
,
n)) = Err (n).

corollary (W23) MPrnIn)EPru In) .
We call the basis

SDiy of MPrnIn) the diagram-like basis



Subalgebras

Pr(n) Glu MPr
,
k(n)

↑ Vor Y pr(n,
n) ↑

Ar(n) G Aru (n)

↑ j f

Sp Sn Glu



Representations



Representations

An integer partition is a weakly decreasing
Sequence (x, .., Xe) of positive integers.

We write Xin to mean X
,
+... + Xe = n.

The Young diagram of X is an array of left-justified
boxes with 1; boxes in the it row from the bottom.

(3.

3
,
2

,1)



Representations

A standard Young tableau of shape Nth is a

filling of is Young diagram with 1
....
h so that

the rows and columns are increasing.

Write S" for the K-span of SYT of shapes

( =+3

g(=Et
.
Fi



Representations

For xtn
,
S" is a representation of Sn :

(132) . =Egorithm
Each S" is irreducible and every irreducible

representation is isomorphic to some ".



Representations

S35 e
g) = Sus

g(2,
1)

(3)
S
=Et

.
F> C

,

L

es

(3) (2, 1)
(3 SDS



Representations

By the duality of the actions,

4(n
, n)= SAMPrin

This pairs up irreducible representations

X

S > MPri

F En



Representations

~

A multiset partition tableau of shape X is a filling
ofX's Young diagram like so :

Only the first row 17 2
Entries are multiset(

has empty boxes, 2122
at least as many
as x

L
11

112



Representations

Order multisets by the last-letter order :

1142 12 < 22 22412)

A semistandard multiset partition tableau has rows weakly

increasing and columns strictly increasing.

22

212

11

11 2

write MPr in for the K-span of these with r

numbers from 1,.., K .



Representations

There is an action of MPr
,
n(u) on MPr

22 straightening
· oa

algorithm
· & & , = 5)in + i

. )7
=G(im, + ic -

in
, )2

Theorem(w)The MPr for Xin and :
Er form

a complete set of irreducible representations for

MPr
,
n(n) when n = 2r.



Timelines

Diagrammatic
Product Generators Dimensions of

Irreducibles
Construction of

Irreducibles

120 123

Miran



Timelines

Diagrammatic
Product Generators Dimensions of

Irreducibles
Construction of

Irreducibles

miruitin
[

[M) n
Pr(n) igos "d so



Timelines

Diagrammatic
Product Generators Dimensions of

Irreducibles
Construction of

Irreducibles

Study eigenvalues of 
random permutation 

matrices

Positive formulas for 
some Kronecker 

coefficients

Description of some 
reduced Kronecker 

coefficients

A mixed multiset partition 
algebra incorporating 

exterior powers ·

Mirai in
in

E][M) ii]nit
103

"os ↓Pr(n)/Eric Stados "a 20 line



Thank I
you



Representations
22

on &

An example of the action :
↓ I I

I
⑨ ·

... on
...

-9 ·
· &

g &O %

&

22 22· 22
·

·

, 1
·

, 1
·

, 1

I
& 1 1

2 2 X Two blocks

112 12 I above the first
2 2 now get combined



Proof Sketch

Break Pr(Vn
,
n) into pieces He based on

the second index.

E . g. X11x21 *22x22 = H(2
,2)

Write Wrin for wear compositions of r of length 1

Then pr(Vn,n) ED Ha as a Gln-module
& EWr

,
n



Proof Sketch

Sa : Young subgrou Sa=
E . g. Scan = Sgizy * &93

,%

(2) = +(1234 + 213y + 1243 + 2143)

Recall So acts on V* by permuting factors

Schule ,deeq)= (e ,De + exe ,Depe



Proof Sketch

As Vector spaces,

:Ha Save
*
"
Y
21
*22x221 ScaleDeeper

They both have a Gln-action but are

not clearly isomorphic as Gln-modules.

For MEGLn
,

EM = M E



Proof Sketch

However
,
we get an induced isomorphism

Endo(a) = Ends
↑ 1-> E .No

Note for ME Gln,

IPIM = E4M"" = EM"NE" = MENET



Proof Sketch

Endo (p(Vnn)) Endo (saVP

E Home (SUPr soun
*)

q
,
b

EDs Endo (V*r) se
&

with product

(SqπSs) + (scUsa) = Sa
, =(Sai(yuSd)



The Multiset Partition Algebra colors Match in Middle

w
(SqπSs) + (scUsa) = Sa

, =(Sai(yuSd)
= Se,

↑
permutations of top
of the second diagram

D ...... & ·

·..· .. ·4. t t t ·& · · * & · * & ⑨ & *

⑨ D ..... & ⑨ D



Proof Sketch

Proof summary

· Decompose Pr(Vn
,

n)

· Leads to a decomposition of Endy (Pr(n
,u)

via idempotents

· The diagram-like basis comes from sandwiching
an idempotent between two partition diagrams


